We compute the potential between a qq singlet for N = 4 SU SY with gauge group SU (N ) at finite temperature T , large distances rT ≫ 1 and weak coupling g. As a first step, we only consider at the electric modes and we compute the Debye mass m D where we find that each of the 8N bosonic degrees of freedom contributes to m 2 D with 1 6 g 2 T 2 while each of the 8N fermionic degrees of freedom contributes with 1 12 g 2 T 2 yielding to m 2 D = 2N g 2 T 2 . Then, motivated by results obtained in the literature from both, a weak coupling approach for QCD and a large coupling investigation of N = 4 SU SY through AdS/CF T , we attempt to include magnetic mode corrections. *
Introduction
Recently, the discovery of the AdS/CF T correspondence [1] [2] [3] [4] has created great interest in the N = 4 SUSY SU(N) gauge theory because the duality allows the investigation of several aspects of the gauge theory (see for instance ) at strong coupling through gravitational and generally classical computations.
In particular one of the first computations using the gauge/gravity duality was the evaluation of the heavy-quark potential at large 't Hooft coupling (and large N), both at zero temperature [5] and also at finite temperature [19, [32] [33] [34] . In particular, in [19, 34] it was found that at large enough distances the real part of the potential has a power low fall-off extending the results (obtained ealrier) in the literature [32, 33] . The method of [19, 34] involved an analytic continuation of the solution of [32, 33] applying the ideas of [35] [36] [37] .
Amazingly enough, exactly the same power fall-off was found in [38] for pQCD at finite temperature. This fact partially motivated investigating the N = 4 SUSY SU(N) gauge theory at non-zero temperature in the framework of a pertubative, field theoretical approach.
Therefore, in this work we compute the heavy-quark singlet potential of N = 4 SUSY at non-zero temperature at weak 't Hooft coupling. We compute the Debye mass and apply the technique of [38] that had been previously applied to QCD, in our case, and investigate whether we may predict a similar power low fall-off of the potential. Such an investigation allows for the comparison with the result of [38] obtained in the framework of pQCD and with the result of [19, 34] obtain in the framework of AdS/CF T . We note that literature is reach in regards of perturbative calculations at finite temperature for both, the heavy-quark potential for QCD [38] [39] [40] [41] [42] as well as several (other) contexts of the N = 4 SUSY theory [43] [44] [45] [46] [47] .
We organize this work as follows:
In section 2 we set up the problem arguing that the singlet potential is a gauge invariant quantity and hence it makes sense to compute (perturbatively). We also give an elementary introduction of the objects we need in this work and which appear in thermal field theory.
Section 3 deals with the relevant diagrams involved in the calculation. For a subset of the diagrams under consideration, we borrow results from the literature calculated for QCD and we show how these results may be adapted for our case.
In section 4 we use the results of previous sections in order to evaluate the quark-pair potential. We initially compute the Debye mass giving rise to the expected Yukawa fall off and then we extend the computation in the spirit of [38] .
Finally, in section 5 we summarize and discuss our results. In particular, we find that the potential has a power fall-off (at sufficiently large distances) which agrees precisely with [38] and (the absolute value of) [19, 34] .
The notation and conventions we use as well as many useful formulas may be found in Appendix A. In the rest of the Appendices we explicitly write the Lagranian for N = 4 SUSY and derive the Feynman Rules. We also show which diagrams contribute in the calculation we are interested and evaluate in great detail (one of) the relevant diagram(s) in order to exhibit the general idea behind these sorts of calculations.
Setting up the Problem

qq potential and gauge invariance
In QED, the magnetic and electric fields are gauge invariant. In non-abelian gauge theories on the other hand, gauge invariance (of the chromo-electromagnetic field) is not valid as a consequence of the presence of the non-linear terms in the field strength tensor F a µν . However, one gauge invariant quantity one may construct is the free energy (potential) of a static, colorsinglet (total color charge zero), quark-antiquark pair as a function of the separation r of the pair [48] . As the quantity we wish to compute is gauge invariant, we choose to compute it in the Temporal Axial Gauge (TAG).
Elements of thermal field theory
In this subsection we present the minimum knowledge about field theory at finite temperature one needs in order to perform the calculation we are interested.
The self energy of the gauge boson (2-point irreducible diagram * ) at finite temperature may be decomposed as
where q µ is the four-momentum of the gauge boson, G and F are scalar functions of q 0 and |q| while P T and P L are the transverse and longitudinal projection tensors (to q) respectively and their explicit form is given by
These tensors satisfy
Motivated by equations (3) and (2), it is natural to associate G with the chromomagnetic modes while F with the chromoelectric one's. These factors may be expressed in terms of the diagonal components of Π µν as
Taking into account the expression for the bare propagator of the gluon D µν 0 from figure 2 written in the TAG gauge, one may formally at least, compute the exact (dressed) propagator to all orders in perturbation theory whose non zero components are
This expression in fact provides the definition for Π µν . Now let us suppose that we place two oppositely (cromo)charged fermions at a distance r and seek for the mutual force of the two charges treating them as small (static) perturbations in the thermal medium. Then, in the spirit of the linear response theory one may show [48] that the potential of thesystem as a function of the separation is given by
where the last equality is a consequence of the (left) equation (4) and (A1). Thus, we conclude that in order to compute the potential we only need the (00) component of Π µν . In this work, we compute it perturbatively to O(g 2 T 2 ) (see section 3). * Whose precise definition is given below in equation (5).
Approximations
As we will see, Π 00 depends from the temperature T and the chemical potential µ i † through the ratio µ i /T , that is
We will work in the region where
In particular, the right approximation above implies that the integral in equation (6) receives its main contribution from q → 0 and as a result (6) reduces to
where in the color singlet state, the product of charges is
The expression
is the tensor product of the adjoint times the (anti)adjoint representation resulting to the Casimir operator and which in turn yields to the expected factor of N.
Evaluating the Relevant Diagrams
The gauge boson self energy tensor is defined diagrammatically through figure 1. The diagrams one has to calculate in order to compute V (r) to O(g 2 ) are given in Appendix C. Most of them have been calculated and may be found (in addition to other places) in [48] . The important point here is that there is not any scalar propagator involved in this computation because according to subsection 2.1 the potential we compute involves a color singlet and hence the fermion pair should be of the same flavor. However, according to the Lagranian (B3) and the resulting Feynman rules for scalars, figures 4, the vertices change the flavor of the fermions (observe the presence ǫ ijk in the corresponding Feynman rules) concluding that scalar propagators do not contribute to the calculation under consideration. ‡ † The index i is associated with every global symmetry (i) that gives rise to µ i .
‡ In practice one may imagine that the two interacting fermions are massive, charged under color and couple (directly) only to the gauge bosons but not to the scalars. It is evident that these fermions are external to the N = 4 SU SY particles.
Contribution of Π 00 g due to the gauge loops
The contribution due to the gluons arise from the diagrams of figure 6. The result in the TAG is given by equation (8.65) of [48] and may also be found in [41] and is given by
where
0 ± 2k|q| while the operator Re is defined in (A13). In the limits we are interested (see (8)) we eventually obtain that the matter (thermal) part contribution is Π 00;ab
where we have used the left equation of (A14b) and (A15b) in order to extract the zeroth and first order in |q| respectively.
Contribution of Π 00 f due to the fermion loops
This is the contribution due to the diagrams of figure 7. For a Dirac fermion this contribution has been calculated in the literature and has been reproduced by us. For instance in [48] , equation (5.51), gives the answer (matter contribution) for an abelian gauge theory (QED). In order to adapt the answer to our case, we must multiply (5.51) by f acd f acd = δ ab N to account for the color factors times 4 § to account for the four fermions (one gaugino and three adjoint fermions; see (B3)). Finally, we should multiply by (1/2) in order to account for the fact that we deal with Weyl spinors whose corresponding trace involves (four) sigma (instead of gamama) matrices; in the view of (A10) the overall factor is 2 instead of 4 which occurs with the gamma matrices. The antisymmetric part in the trace cancels because Π 00 is symmetric in the spacetime indices. Therefore, we effectively multiply equation (5.51) of [48] by 2Nδ ab assuming massless fermions yielding to
In the limits that we are concerned (see (8) and (9)) we obtain that the matter (thermal) part is § Assuming they have the same chemical potentials µ i for simplicity; in any case the µ i 's will not contribute (to zeroth order) in the view of (8) .
where in extracting the zeroth contribution to |q| we have used (the right integral of) (A14b). We point out that there is not a linear term in q µ present unlike (12) and that in extracting the leading terms in |q| one should be careful (see (A15a) for one example). [48] ). In order to adapt it for our case we should, according to the Feynman rule of figure 5 (in the middle), replace λ → g
Contribution of Π
2 Nδ ab as expected. ¶ We find that the contribution of this diagram is Π 00;ab
where k 0 n = i2πnT , n ∈ Z, k ≡ |k| and N B is given by (A11a). The first equality is a direct application of the Feynman rules for thermal field theory, the second equality follows by integrating using (D2) and the third equality uses the left integral of (A14b). We note that this diagram is q µ independent. Second Contribution (s 2 ): This is due to the diagram on the right of figure 8 and which we evaluate in the Appendix D obtaining equation (D5). For q 0 = 0 which is what interests us we have Π 00;ab
where we have made for the integral (D5) the substitution 2k = |q|x. Extracting the leading and sub-leading contribution for small |q| is not straightforward but it may be achieved by working in the same way as in proving (A15a) yielding Π 00;ab
It is crucial to highlight that likewise the fermion case, the scalars have no linear contribution in |q| either. This completes the set of contributions to the order in g and |q| that we are interested. ¶ A factor of 2 exists in scalar QED as well while 3N shows all the different complex colored scalars in the loop. The additional minus sign is traced simply to the fact that instead of −λ it is used g 2 . The chemical potentials are again ignored.
We evaluate this diagram in great detail (also ignoring the chemical potential contribution) as the rest of the five diagrams (see (12) , (14) and (15)), are evaluated in an analogous way.
Calculating the Potential
Collecting the results from equations (12), (14), 15) and (17) the self energy tensor to O(g 2 ) is
where m D is the Debye mass and is given by
This is one of our main results for this work. On the other hand t is positive and is given by
4.1 V (r) from pure electric mode corrections
Performing the integral of (9) using just the m 2 D for Π 00 we obtain
which is the expected Yukawa potential.
V (r) from magnetic mode corrections
One may push the calculation a little further and include corrections to the potential due to the linear contribution of |q| in Π(0, q). As this term is gauge invariant [38, 49] it is tempting to try to include it in the evaluation the potential extending the result of (21) . Although it has not been rigorously proved that this expansion in |q| is well defined, it is believed [38] that it is very likely to be the case. Assuming this and applying the analysis of [38] for our case, we find that
which shows that at sufficiently large distances the potential falls of as 1/r 4 and also it is repulsive and in addition N and g independent! This is the second main part of our investigation.
Discussion
In this work we perform the calculation of thepotential in a thermal medium for the N = 4 SUSY theory at weak coupling. By considering the purely electric modes at high temperatures we find the expected Yukawa potential, equation (21) , with the Debye mass given by equation (19) . In particular, we observe that each of the (eight ×N) bosonic degrees of freedom contribute to m 2 D with 1 6 g 2 T 2 (see (11) , (15) and (17)) while each of the (eight ×N) fermionic degrees of freedom contributes with 1 12 g 2 T 2 (see (14) ) leading to (19) .
Next, and following [38] , we include (a subset of the) magnetic corrections obtaining the potential of equation (22) at large distances which is independent from the coupling and the number of colors and falls of as 1/r 4 but it is repulsive (as in [38] ). On the other hand, from AdS/CF T calculations it was found [19] the same power fall-off at large distances but with an attractive force between the qq. Motivated by that result, we were hoping, by including the scalars contribution for the N = 4 SUSY theory at weak coupling, to obtain the result of [38] with an additional overall negative sign agreeing with [19] and also with our intuition. We find that both the fermions and the scalars do not contribute to the magnetic modes (linearly in |q|) and hence the analysis of [38] proceeds (up to an overall factor) unaltered yielding the repulsive potential of equation (22) .
This work provides a concrete example of an observable of N = 4 SUSY whose behavior is qualitatively the same as the corresponding one of QCD. Consequently one may conclude that studying non perturbative phenomena of QCD by applying the AdS/CF T correspondence may not be far from reality and has the potential to yield to qualitatively correct results.
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A Conventions, Notation and Useful Formulas
The metric tensor we use has signature
For 4-vectors we use the standard notation
We define the β factor to be inversely proportional to the temperature T
The generators of SU(N), T a , in the fundamental representation are normalized as
and they obey the algebra
where f abc are the structure constants.
The adjoint representation is defined by
The following summation formula for the structure constants is valid
The covariant derivative in the fundamental and the adjoint representation for negative charge g, * * that is for charge −|g| = −g are defined by
We define the Pauli matrices in a four-vector form with doted and un-doted indices as in [51] 
The trace formulas for four (alternate) sigma matrices are
We define the fermion and the boson distributions in the presence of a chemical potential (which is a consequence of some global symmetry) by
We will also need the summation formulas
ω n = 2π β n for bosonic modes ω n = 2π β (2n + 1) for fermionic modes (A12b) * * This convention agrees with [50] (see eq. (2.96)), [51] (see eq. (4.3.10)) and [52] (see exercise 7, Ch. V II).
and where C is a closed rectangular contour with long sides along the real axis at p 0 = 0 and p 0 = µ which extend from i∞ to −i∞ and from −i∞ + µ to +i∞ + µ respectively. The contour closes at infinities and it evidently has a counter-clock-wise direction. We note that the chemical potential µ is not generally the same for bosons and fermions and hence an extra index is (generally) required. The first two terms of (A12a) show the thermal contribution of the particle-antiparticle and they vanish at T = 0, the third term is the vacuum piece at T = 0 just as in ordinary field theory while the last term is the contribution of the matter at finite density but at T = 0.
It is useful to define
, for any set of parameters x.
Finally, we will need the integrals
where Li 2 is the dilogarithm function. We also need the asymptotic expansions
where γ E is the Euler constant while (A15b) follows directly from (A15a). We sketch the proof of (A15a) below. Proof of (A15a): Break the interval of integration in the intervals I 1 = (0, 1) and I 2 = (1, ∞). For the interval I 1 , expand the logarithm in powers of x and also expand (e ax − 1) −1 = 1/ax − 1/2 + O(ax) and multiply it with the series resulting from the logarithm and perform the integrations recognizing singular and zeroth terms in a. Resum the (two resulting) series to obtain I 1 = π 2 /2a − ln(2). For I 2 expand the logarithm in inverse powers of x and make the transformation ax → x. This makes the integration range (1, ∞) → (a, ∞). We fix our notation by assigning λ a to the gaugino, f abc are the structure constants of the gauge group SU (N) and so a, b, c = 1, 2 
where the first two terms may be found in any supersymmetry textbook [50, 52] . These two terms always exist in any N = 1 SY M, they respect N = 4 SY M trivially and may be written easily in terms of N = 1 superfields (see first two terms of (7.6) and exercise 7. of Ch. V II in [52] or (2.134)-(2.136) of [50] ) while the last term is a particular superpotential (given below) which respects N = 4 in a non trivial way. In particular, L SY M contains the first two terms of (B3) (see below) and in addition the bosonic auxiliary field 
where in the second equality we have expanded out the Φ's according to equations (5.3) and (5.8) of [52] . Thus the W N 4 contribution gives the sixth term of (B3) and one additional term containing the auxiliary field F a i . The remaining φ 4 terms of (B3) are obtained by eliminating the two auxiliary fields in terms of the scalars setting the action on shell yielding to (14.33) of [50] 
B.2 The vanishing of the beta function.
It is known that the beta function for an SU(N) gauge theory (for positive charge g) is given by
We choose the standard conventions for the fermions as in [51, 52] rather the convention of [50] used for (14.33) .
where n f is the number of Dirac fermions while the factor of 1/2 comes from the trace of two generators of the group. In the N = 4 SUSY case, one should replace the 1/2 by N as the trace takes place in the adjoint representation and set n f = 1/2 × (3 + 1) = 2 for the 4 (three matter fermions and one gaugino) Weyl spinors. On the other hand, the contribution of the scalars to the gauge boson self energy should be included as well.
‡ ‡ This contribution is due to the diagrams of figure 8 where for the QED case yields to a combined contribution of 1/(48π 2 )g 3 [53] and as a result, for 3 × N (flavor×colors) scalars, the two diagrams give the contribution 1/(4π) 2 3/3g 3 N. Therefore, by adding all the contributions one gets
that is the vanishing of the beta function.
B.3 Feynman rules at T = 0
The Feynman rules for two dimensional spinors may be found in [51] while the rest may be either derived from the Lagranian (B3) or they are known. As we work in TAG, there are no ghost propagators and vertices. The notation for the indices we use is i, j, k = 1, 2, 3 for flavor a, b, c = 1, 2, ..., N 2 − 1 for color α,α = 1, 2 for spinors (B6) 
b, µ j, c, β i, a,α gf abcσµαβ δ ij or − gf abc σ µ βα δ ij Figure 3 : Gluon-gluon and gluon-fermion interactions (with negative charge g). For the gluonfermion vertex a similar comment, as the one caption of figure 2 applies regarding the choice of the right rule. There also exists the analogue rule for the gaugino-gluon vertex without the δ ij .
i, a j, b, α k, c, β
Figure 4: Yukawa vertices for fermion-fermion and fermion-gaugino with a similar comment as in the caption of figure 2 regarding the choice of the rule.
Figure 5: Scalar-gluon and scalar-scalar interactions.
B.4 Feynman rules at finite T
They are obtained from those of T = 0 using the following empirical rule: by multiplying all of the rules for T = 0 by (−i) and by including an additional minus sign to the gluon propagator ( figure 2 up-left) , and the gluon-gluon interactions (left and middle diagrams of figure 3 ). In addition the following modifications are required
p 0 → i2πT × n (bosons) or (2n + 1) (fermions), n ∈ Z.
(B7)
C Diagrams for the Dressed Propagator to O(g
)
There are six diagrams to O(g 2 ) that contribute and they all involve the gluon propagator as, according to (B3), the scalar vertices change the flavor of the out-coming fermions and hence the related diagrams do not contribute. 
k 0 = i2πT n q 0 = i2πT m n, m ǫ Z.
The thermal part of the summation formula (A12a) for bosons at zero chemical potential may take the form
But the corresponding f (k 0 ) in the case of (D1a) may be taken to be the integrand which has the property that the operation k 0 → −k 0 is equivalent to q 0 → −q 0 . This observation will reduce our operations by a factor of two as we will only deal with the +k 0 piece and then just add the −q 0 contribution. In order to perform the integration we use the the contour of figure 9 where there exist two simple poles. Using (A7) and performing the sum (in practice the integrations), (D1a) becomes 
Finally taking into account the −q 0 contribution (effectively multiplying (D4) by a factor of two) and performing the angular integrations yields
where the operator Re is defined in (A13) while R ±s = (q 0 ) 2 − q 2 + 2kq 0 ± 2k|q| and k ≡ |k|.
